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α ∈ R∪ {−∞}
rJfx{<«qV}Bcoqi~a




























(a, b) 7→ a ∨ b
rJfx{ cRVGTgv¶cjuxvjm}UrJckjwoqf
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a⊕ b := a∨ b
ckRVT=rts`¢£uvwgxa/rq{{bjckjwoqf±
rqfx{=`_

















































































































v(A) := {u ∈ R
n
max | v ⊕ λu ∈ A
M$
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w ⊕ λu = w ⊕ βv ⊕ ββ−1λu = w ⊕ β(v ⊕ β−1λu) ∈ A
akjwfx}5V












































u, v ∈ A
±3cRVUf





















































v ⊕ λu = lim
r→∞









































}) ∪ R2 = {(x1,

) | x1 ≤

} ∪ R2 ⊂ R2max
§Q/RVUf±
ikV}
(  ,  )(A) =
{
(u1, u2) ∈ R
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y, z ∈ A
	%R
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x = αy ⊕ βz
±!¡j¶cR
α ⊕ β =
³rqfx{
y, z ∈ A
±xjTWuvwjVa2X



















1 ≤ i ≤ n
±3rqfx{a
o3±
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a = (5, 2)
±
b = (4, 0)
±
c = (3, 2)
±
d = (1, 3)
rqfx{





































2, λ2) ∈ CA
±¡jckR
x1, x2 ∈ A
rJfx{
λ1, λ2 ∈ Rmax
§
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Rxrtc











1, λ1) ⊕ (λ2x
2, λ2) = (λλ
−1(λ1x
1 ⊕ λ2x


















(x, y) → x⊕ y
rJf3{







  ½	½    Ê½    3
A ⊂ Rnmax
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PJ$T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r, λr) = (y, α)
§NQ/RxVUf±@rqa






x := limr→∞ x







(y, α) = limr→∞(λrx













































x⊕ βy = lim
r→∞
λrx


























































(λ−1r (x⊕ λry), λ
−1
























































































































































































x = x1 ⊕ x2rqfx{
λ1 = λ2 =
»§Q/RVeikVUIoqiVq±@rqaG}Uvo
























































  ½	½    Ê½ /    !=21
C ⊂ Rnmax
  J.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x, y ∈ Σ
rqfx{





ψ(αx ⊕ βy) = αψ(x) ⊕ βψ(y) = γα⊕ γβ = γ(α⊕ β) = γ
rqfx{<oq`«`jozgxa
vw_
αx ⊕ βy ∈ C
±xj¶cIozvvwot¡a#ckRxrJc









x = y ⊕ z
±IoqiGakoqTWV












































x = αy ⊕ βz
±¡jckR
y, z ∈ Σ
rJfx{
















































































Σ := {(xλ, λ) ∈ CA | λ =

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i ∈ {1, . . . , n}
{bVO3fVckRVGakV5c
Si = {u ∈ C | u ≤ x, ui = xi} = C ∩ {u ∈ R
n
max | u ≤ x, ui = xi} .¨'a
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A ⊂ Rnmax
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{a, b, c, d, e} ⊕
}UoqfV


















A = ([−2, 0]× {0}) ∪ ({0} × [0,−2]) ∪
{





(A) = {(−2, 0), (0,−2)} ∪
{
































(x, y, z, β) ∈ A3 × Rmax | d(x, y) ≥ 1/k, d(x, z) ≥ 1/k, β ≤

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a+, a− ∈ Rmax
rJfx{vwV5c
ψ+, ψ−





x ∈ Rnmax | ψ



























































ØÖ !	UÌÑÎ~ÈJÖ×@ÎÒqÃdÅIÉWÎ~È !*ÖbÎUÂ%ËtÎÖ¬ÁÂ%ÃÕÎ Ä%ÏÇtÈ%Ì ÉÆÃ³ÃdÏÍÃdÕÃdÈUÉ ÕÃ°É¦Â%ËËBÅ Ç¦ËBÏ Ð
ÌÍÈ !%Ã°ÉÆÃ
ÅÊÕÌÍÈ%ÌÍÇÊÉ¦Ì"ËBÄeÉ¦ÌÍÕÎ~Ï#"dËBÈUÉÆÅÆËBÏÄÅÆËBÒ%ÏÍÃdÕÇ
Ô Ò%Î~Ç¦Ì"Ä%ÅÊËBÄJÃdÅÊÉÆÌÍÃdÇ Î~È$"dËBÈ5Ð5ÃdÅ% BÃdÈ"dÃ Î~ÈtÎ~Ï &ÇÆÌÍÇkÖ





³ØÖ !	UÌÑÎ~È,qÖe×@Î%ÒJÃdÅÊÉ tÎ~È (Ö Î~ÏÍÇ¦ÂÖUÁÂ%ÃÕÎ mÄ%Ï%Ç3Ø|Î~ÅÊÉÆÌÍÈÒJË%ÈtÎ~Å &5ÖtÎ~ÅÊÓÌ ÐqÔ ÕÎÉ¦ÂÖ ØG×Ù~Ú+ .5ÚBÞ
.BÚBÚBÜÖ
 !)Ú*
 ØÖ !	UÌÑÎ~ÈÎ~È £Ö-eÌÍÈ BÃdÅ
ÖJÁbËBÄJËBÏÍË BÌÍÃdÇËBÈ¬ÏÑÎÉÆÉÆÌ"dÃ*ËBÅ %ÃdÅÆÃ   BÅÊË%Ä%ÇJÇÆÃdÄtÎ~Å¦ÎÉÆÌÍËBÈ wÅÊËBÕ "dÏÍËBÇÆÃ  %ËÈÎ~Å%
Ç¦Ã°É¦Ç JÎ~È "
ËBÈ	% 5ÎÉÆÌÍËBÈ%Ç!ËbÉ &ÄJÃ bÎÖ
  tÜ.wÛ°Ô Û.UxeÛ5Ý., .BÚBÚ*Ö
 (×,Ú




µ×*Ö (»ËBÂ%ÃdÈ qÖt×@ÎÒqÃdÅIÉtÎ~È87%Ö Ö96	tÎ%ÅÆÎÉ
Ö:@ÃdÅÆÈ%ÃdÏÍÇ ÌÍÕÎ BÃdÇ,Î~ÈÄ%ÅÊËÊÃ "°ÉÆÌÍËBÈ%ÇÌÍÈ ÌÍËBÌ%ÇkÖ  È8;3)<=>'('(?@
%.AB>CEDF
HG-IHJ+K L%MtÄtÎ BÃdÇ +
Ü,+(-+
ÜBÞ,ON %ÌÍÈUÒ%Å  BÂ !  %ÇÆÉ + xUxBÛÖPNQNÖ
 (×26x5Ý
µ×*Ö(»ËBÂ%ÃdÈ qÖ×@Î%ÒJÃdÅÊÉ tÎ~ÈE7%Ö% Ö6	tÎÅ¦ÎÉ
Ö,ÌÍÈ%Ã
Î~Å,Ä%ÅÆË	ÆÃ "°É¦ËBÅÊÇÌÍÈ/É¦ÂÃÕÎ Ä%Ï%ÇÎ~Ï BÃ
ÒÅ¦ÎÖ ÈR;3)<=>'('(?@
%.AB>CS'BT<IHIQIVUF'(?W')X)<'(ZY&CX')<'=('  ( &ÄÅ%%Ç  + xUx5ÝeÖ PNQNHNÖ
 (×26xUx
µ×*Ö (»ËBÂ%ÃdÈ JÖb×@Î%ÒJÃdÅIÉÎ~È,[7%Ö\ Ö]6	tÎ%ÅÆÎÉkÖ`Ø|Î mÄ%Ï%ÇÎ~Ï BÃdÒ%ÅÆÎ¬Î~ÈªÇ%&eÇÆÉÆÃdÕ ÉÆÂ%ÃdËBÅ &qÔ2Â%ÃdÅÆÃ^,ÃÎ~ÅÊÃ
Î~ÈRÂ%ÃdÅÊÃÉÆË  BËÈ%Ë5Ö*-__`9,\a3'5b	'c&AdY&_)<, -.*Ô .BÚ5Ý5 .,+ x, + xUxUxÖ
 (×26@Ú
µ×*Ö (,ËBÂÃ





Ö$&'()-*-, .h'	/5)<E?i*3,#4-*5ÝxÔ *UxBÜh .., .BÚBÚ%Ö
 (×26)eÚBÜ
*×*Ö (»ËBÂ%ÃdÈ)JÖ×@Î%ÒJÃdÅÊÉ 27%Ö  bÖ36	tÎ%ÅÆÎÉ Î~È £Ö eÌÍÈ BÃdÅ
Ö,Ø|Î  ÄÏ%Ç "dËBÈ5Ð5Ã  ÇÆÃdÉÆÇÎ~È,%È"°É¦ÌÍËBÈÇkÖ  È
×*ÖÖ `Ì ÉÊÐeÌÍÈ%ËkÐªÎ~Èej*Ö] bÖzØ|Î~Ç¦ÏÍËkÐ zÃ Ì É¦ËBÅÊÇ&TX?'W'5_UFS'kk=5Ai?RUFS'kk=(,;S%lA(=A 
(,ËBÈ5ÉÆÃ
ÕÄJËBÅÆÎ~Å & Ø|ÎÉÆÂ%ÃdÕÎÉ¦Ì"dÇ»ÄtÎ BÃdÇ +
ÚBÜ-+ .UxÖ ! ÕÃdÅÆÌ"
Î~È<Ø|ÎÉ¦Â%ÃdÕÎÉÆÌ"
Î~Ï)eË"dÌÍÃdÉ &  .BÚBÚBÜÖ ! ÏÍÇ¦ËmN 
 3ÅÊÃ





Î~Ï "dËBÈUÐ5Ã eÌ É &UÖ\GB=	4UFS94xÔ+( .5ÝRÃ
ÏÍÃ "°ÉÆÅÆËBÈ%Ì"  .BÚBÚ%Ö
 n3Ø|ÚBÚ
  Ö3oÖnÏÍÃdÕÌÍÈ WÎ~È,p Ö,ØÖ,Ø/"5N3È%Ã
Î~È%Ã &5Ö ! ÕÎ  ÄÏ%Ç% Ò%Î~Ç¦Ã  Î~Ï BËBÅÊÌ ÉÆÂ%Õ ËBÅ¬Î[oÎ~ÕÌÍÏ ÉÆËBÈ,P75Î"dËBÒ%Ì 
»Ã
ÏÍÏÍÕÎ~ÈÃ0qtÎÉ¦ÌÍËBÈ|ËÈËBÈ%ÏÍÌÍÈ%Ã
Î~Å %Ï É¦ÃdÅÊÌÍÈ %ÖgJ9T<*Usr43Y&_)<,+




ÖN eË~É¦Ì"Ç¦ÃdÕÌÍÅÊÌÍÈ BÇkÔ]N Î~ÕÄ%ÏÍÃdÇÎ~È,  BÃdÈ%ÃdÅ¦Î~ÏJÅÊÃ
Ç%%Ï ÉÆÇkÖ  %ÄÄqËBÅIÉ Ã "dË%ÅÊÇ %ÃÏÑÎ .BÛ Ì#tdÕÃ2u "dËBÏÍÃ
%ÃB 3ÅÊÌÍÈUÉÆÃdÕÄ%Ç \v  È,ËBÅÆÕÎÉÆÌ#q ÃÁÂw
ËBÅÊÌ#q%Ã!ËBÌÍÅÊÕËÉ¦ÌÍÃdÅ + xUxBÞÖ
 ×:ÚBÛ
 qÖq×@Î%ÒJÃdÅÊÉ@Î~ÈvÖ:ÎÉ1x5ÖtØ|Î  ÄÏ%Ç "dËBÈ5Ð5Ã / BÃdËBÕÃ°É¦Å &5ÖqØ|Î~Å%"£Â/.BÚBÚBÛÖJÁbËÎ~Ä%ÄJÃ
Î~ÅÌÍÈ'ÉÆÂ%ÃÄ%ÅÊË "dÃdÃ %ÌÍÈ BÇ
ËÉÆÂ%ÃxÉÆÂ  ÈUÉÆÃdÅÆÈtÎÉÆÌÍËBÈtÎ~Ï (»ËBÈ,ÃdÅÆÃdÈ"dÃËBÈ0vÃdÏÑÎÉ¦ÌÍËBÈtÎ~Ï!ØÃ°É¦ÂË %ÇÌÍÈ#(»ËBÕÄeÉ¦ÃdÅ"
ÌÍÃdÈ"dÃ|Î~È,OÉÆÂ%ÃR~É¦Â
 ÈUÉÆÃdÅÆÈtÎÉÆÌÍËBÈtÎ~Ï ªËBÅ eÇÆÂ%ËBÄËBÈ!Ä%ÄÏÍÌ"kÎÉÆÌÍËBÈ%ÇË3:@ÏÍÃdÃdÈ%Ã ! Ï BÃ
ÒÅ¦Îy vÃdÏÑØÌ ( Ù!: ! .BÚBÚBÛ xØ|Î~È"£Â%ÃdÇÊÉ¦ÃdÅ
 eÄÅÆÌÍÈ BÃdÅ   ( Ç¦ÃdÅÆÌÍÃdÇ(°Ö
 × %x5Ý




Î~Å3Î~Ï BÃdÒ%ÅÆÎÖ  ÈkvÖvÃdÌÍÇ "¦Â Î~È
ØÖ`ØËBÅIÐBÎ~È`Ã Ì É¦ËBÅÊÇ+z5{9SyJOl-%A(`|~}\S'()1'5=(,*BAk'(=5A!1CYQO`%W')Jg=5k'5=('03JQ}%*Y]JdL%
 $&_/>'>=0XÐ5ËBÏ%ÕÃ + .BÚBÚ/ËH$\'(=5`)<'2W'AY&`P4]Jg=k4 ÄtÎ BÃdÇ	.BÛ,+( .BÞ.,O»ÃdÅÊÏÍÌÍÈ + xUx5ÝeÖ eÄÅÆÌÍÈ BÃdÅdÖ
 o!ÃdÏÑÞBÞ
 qÖOo!ÃdÏÍÒ%Ì %Ö 'È (Î~ÅÆÎÉÆÂ%ÃdË %ËBÅ &Ov Ç*Î~È,y:@ÅÆÃ1 ÍÈ,IØÌÍÏÍÕÎ~Ègv Ç»É¦Â%ÃdËBÅÊÃdÕÇ@ÌÍÈ %ÏÍÏ &ËBÅ%Ã










Ë+UyS_4\Jg=k4\a3'AX4]T(_A(P4];+`_/0,#4%ÄtÎ BÃdÇ5ÚUxh *,+BÖ (,Î~Õ*Ò%ÅÆÌ, BÃ2!È%Ì ÐqÖ_ xÅÆÃdÇÆÇ (,Î~Õ#ÒÅÆÌ BÃ.BÚBÚBÜÖ
 :ÎÉ£ÚBÜ
 vÖ&f*Ö&:ÎÉ1xBÖ»Ø|Î Ä%ÏÇR !  3  ÌÍÈUÐ~Î~ÅÆÌÑÎ~È5ÉÇÆÄtÎ"dÃ
Ç/Î~È"dËBÈUÉÆÅÆËBÏ!Ë!ÉÆÌÍÕÃ  %ÌÍÇ%"
ÅÊÃ°É¦Ã¬ÃdÐ5ÃdÈ5ÉÇ%&eÇÆÉÆÃdÕÇkÖÁbË
Î~Ä%ÄJÃkÎ~ÅÌÍÈPNQNHNOÁbÅ¦Î~ÈÇkÖ ! ÉkÖ (»ËBÈUÉÆÅÆËBÏ JÃ  ÄÅÆÌÍÈ5É!Î~ÅÆÓ!Ì ÐzÔ ÕÎÉÆÂÖ ')(Ù~ÚBÜBÚ*5Þ .BÚBÚBÜÖ
 bØ Ú,+ 
 ×*Ö Ö `Ì ÉÊÐÌÍÈËkÐ j*Ö  ÖØ|Î~ÇÆÏÍËkÐ !Î~ÈN×*Ö Ö eÂÄ%Ì#xBÖ  %ÃdÕÄJË~É¦ÃdÈ5É %È"°É¦ÌÍËBÈ%Î~ÏÎ~ÈtÎ~Ï &ÇÆÌÍÇkÔÎ~ÈÎ~Ï BÃdÒ%ÅÆÎ~Ì"kÎ~Ï
Î~Ä%Ä%ÅÊË5Î"£ÂÖ]UFS94]2W'A %ÛUxmÜ£Ô ÛUxBÛÝ.Ux,.BÚBÚ,+BÖ !ÏÍÇÆË#ÃdÄ%ÅÊÌÍÈUÉÎ~ÅÆÓ!Ì ÐzÔ ÕÎÉÆÂÖ n!Ù~ÚBÚBÚUx,+ .BÞÖ
 Ø/Sv	eÚ.
7tÖ WNÖbØ|Î~ÅIÉ1ÍÈ%Ã0x  `Ã  5Îx  !*ÖbØÖSv %Ò%ÌÍÈ%Ë
Ð 3Î~È£Ö eÌÍÈ BÃdÅ
ÖfËÈÎ~Å%=ÇÆÃ°É¦Ç*Î~ÈÉÆÂ%ÃdÌÍÅ*ÇÆÃdÄtÎ~Å¦ÎÉÆÌÍËBÈOÎ~È
Î~Ä%Ä%ÅÊËeÌÍÕÎÉ¦ÌÍËBÈÄÅÆËBÄJÃdÅÊÉÆÌÍÃdÇkÖr4+, %/1,+




ÇÆÃ u "dËBÏÍÃ Ã
ÇØÌÍÈ%ÃdÇ Ã
 xÎ~ÅÊÌÍÇ + xBÞBÞÖ
 eÌÍÈx5Ý
 mÐBÎ~È eÌÍÈ, BÃ
ÅdÖO*2/5A>)<h=53=(_b'(E, lA(A£Ö9 <ÌÍÏÍÃ &+ xUx5ÝeÖ
 _x.
 qÖ Ö Î~Õ*ÒqËBÅÊÇ UÌ  !Î~È×*ÖÖ eÂ%ÄÌ#x5Ö (»ËBÈUÐ5Ã <Ç¦Ã°É¦ÇÌÍÈOÉ¦ÂÃ|Ç¦ÃdÕÌÍÕË ,%ÏÍÃ'ËÒJË%È,%Ã   È"°É¦ÌÍËBÈ%Ç
Ö  È
T0?'W'5_, lA(A tÄtÎ BÃdÇ + *BÜ-+ *5ÝeÖ! ÕÃdÅ
Ö%Ø|ÎÉ¦ÂÖ-eË "BÖ9 3ÅÊËkÐeÌ%ÃdÈ"dÃ Fv   + xUx.Ö
  Î x,+ 
NÖ	 Î BÈ%Ã %ÅdÖ5ØË%ÏÍËBÌ%ÇxÎ~È*Ä%Ç¦Ã ËBÕË ÏÍÃ
Ç
Ö +BÖ%ÌÍÕÃdÈ%Ç¦ÌÍËBÈÉÆÂ%ÃdËBÅ &5ÖGBAX=5)1'5W'UFS94 xBÞÔ Ü5Ý5Ý*, + xUx,+BÖ
  ÌÍÕÝBÝ
 :#Ö  ÌÍÕÕÃdÅÆÕÎ~È%ÈzÖ !  BÃdÈ%ÃdÅ¦Î~Ï*Ç¦ÃdÄtÎ~ÅÆÎÉ¦ÌÍËBÈÉ¦Â%ÃdËBÅÊÃdÕ ÌÍÈNÃ eÉÆÅÊÃ
ÕÎ~Ï*Î~Ï BÃdÒ%ÅÆÎ~ÇkÖBIH!4#@kUFP4
/() 
+ * .£Ô+kÝx .BÚ,+ + x5ÝBÝeÖ
  ÌÍÕÞ,+ 




ÅÊÃ OÎ~Ï BÃdÒ%Å¦Î~Ì"ÇÆÉÆÅ "°É %ÅÊÃdÇkÖ*-_O4
GBA(=)<'W'2UFS94  +





 :#Ö  ÌÍÕÕÃdÅÆÕÎ~È%ÈzÖ 'ÈÕÎ  ÇÆÃdÄtÎ~Å¦Î~ÒÏÍÃËBÄÉÆÌÍÕÌ#x
ÎÉ¦ÌÍËBÈÄ%ÅÊËBÒ%ÏÍÃdÕÇkÖ È^*-, .'/5)<=?B=(!/0W)X,i'S@
?Ay~X%')<_Ay)<'A('()1=XS Ð5ËBÏ%ÕÃxBÜWË2)XS%@ B,, ?dUFS94JOk`9?h4 !ÄtÎ BÃdÇ/*BÜ5Ý5 *BÛ.Ö ËBÅÊÉÆÂ,
o!ËBÏÍÏÑÎ~È !ÕÇÊÉ¦ÃdÅ tÎ~Õ/ + xBÞ%Ö
  ÌÍÕÚ*
 :#Ö  ÌÍÕÕÃdÅÆÕÎ~ÈÈÖf!ÌÍÇk %È"°É¦Ì Ð5ÃËBÄÉÆÌÍÕÌ#x
ÎÉ¦ÌÍËBÈ5ÕÎ ÇÆÃ
Ä%Î~Å¦Î~Ò%ÏÍÃÄ%ÅÊËBÒ%ÏÍÃdÕÇ»Î~È Ã UÉ¦ÅÊÃdÕÎ~ÏqÎ~Ï BÃ
ÒÅ¦Î~Ç
ÖQ}\S'@









Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
